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Abstract 

We consider the following quasi-linear parabolic system of backward partial differential 
equations on a Banach space E 

(d t + L)u + /(•, u, A 1/2 Vit) = on [0, T] x E, u T = </>, 

where L is a possibly degenerate second order differential operator with merely measurable 
coefficients. We solve this system in the framework of generalized Dirichlet forms and 
employ the stochastic calculus associated to the Markov process with generator L to obtain 
a probabilistic representation of the solution u by solving the corresponding backward 
stochastic differential equation. The solution satisfies the corresponding mild equation 
which is equivalent to being a generalized solution of the PDE. A further main result is 
the generalization of the martingale representation theorem in infinite dimension using the 
stochastic calculus associated to the generalized Dirichlet form given by L. The nonlinear 
term / satisfies a monotonicity condition with respect to u and a Lipschitz condition with 
respect to Vu. 
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1 Introduction 



Consider the following quasi-linear parabolic system of backward partial differential equations 
on a (real) Banach space E 

(d t + L)u + /(-,-, u,A 1/2 Vu) = on [0,T] x E, u T = <p, (1.1) 

where L is a second order differential operator with measurable coefficients, Vu is the H- 
gradient of u and (if, (•,•)#) is a separable real Hilbert space such that H C E densely and 
continuously. A is a symmetric, positive-definite and bounded operator on H . This equation 
is also called nonlinear Kolmogorov equation on an infinite dimensional space. In fact, in this 
paper we study systems of PDE of type (1.1), i.e. u takes values in M. 1 for some fixed / G N. 
For simplicity, in this introductory section we explain our results in the case 1 = 1. 

°Rcscarch supported by 973 project, NSFC, key Lab of CAS, the DFG through IRTG 1132 and CRC 701 
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Various concepts of solution are known for (linear and) nonlinear parabolic equations in 
infinite dimensions. In this paper we will consider solutions in the sense of Definition 2.4, i.e. 
there is a sequence {u n } of strong solutions with data (0™, f n ) such that 



u 



n - u\\ T -> 0, - <f>\\ 2 -> and lim f n = f in L\[0, T]; L 2 



We will prove the above definition for solution is equivalent to being a solution of the following 
mild equation in L 2 sense 

u(t, x) = P T ~t<t>{x) + J P,-tf(s, ■, u s , A 1/2 Vu s )(x)ds. (1.2) 

This formula is meaningful provided u is even only once differentiable with respect to x. Thus, 
the solutions we consider are in a sense intermediate between classical and viscosity solutions. 

The notion of viscosity solution, developed by many authors, in particular M. Crandall and 
P. L. Lions and their collaborators, is not discussed here. Generally speaking, the class of 
equations that can be treated by this method (c.f. [22-24] ) is much more general than those 
considered in this paper: it includes fully nonlinear operators. However, none of these results 
are applicable to our situation because we only need that the coefficients of the operator L are 
measurable. 

If E is a Hilbert space, in [18], mild solutions of the above PDE have been considered, and 
a probabilistic technique, based on backward stochastic differential equations, has been used 
to prove the existence and uniqueness for mild solutions. Furthermore, their results have been 
extended in [10] and [26]. All these results need some regular conditions for the coefficients of 
L and / to make sure that the process X has regular dependence on parameters, which are not 
needed for our results. In this paper, we will prove existence and uniqueness of a solution u by 
methods from functional analysis. In fact this paper is an extension of our paper [40] to the 
infinite dimensional case. Though [40] serves as a guideline, serious obstacles appear at various 
places if E is infinite dimensional, which we overcome in this work (see e.g. Proof of Theorem 
3.8). 

The connection between backward stochastic equations and nonlinear partial differential 
equations was proved for the finite dimensional case e.g. in [4], [11], [29] ( see also the references 
therein). A further motivation of this paper is to give a probabilistic interpretation for the 
solutions of the above PDE's, i.e. in this infinite dimensional case. 

If E is equal to a Hilbert space H, and the coefficients of the second-order differential 
operator L are sufficiently regular, then PDE (1.1) has a classical solution and one may construct 
the pair of processes Y*' x := u(s , Xl> x ) , := A l / 2 Vu(s,X t s ,x ) where Xl' x ,t < s < T, is the 
diffusion process with infinitesimal operator L which starts from x at time t. Then, using Ito's 
formula one checks that (Y* ,x , Zl ,x ) t < s <T solves the BSDE 



= <f>{X^) + f f{r : Xl>*X' X iZindr - /' W \dW r ) H , (1.3) 

J s J s 

Here W r is a cylindrical Wiener process in H. Conversely, for regular coefficients by standard 
methods one can prove that (1.3) has a unique solution (Y t s ' x , Zp x ) s < t < T and then u(s, x) := Yf' x 
is a solution to PDE (1.1). If / and the coefficient of L are Lipschitz continuous then in [18] 
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the authors prove the probabilistic interpretation above remains true, if one considers mild 
solutions to PDE (1.1). There are many papers that study forward-backward systems in infinite 
dimension (cf [18], [19] and the references therein). In these approaches, since the coefficients 
are Lipschitz continuous, the Markov process X with infinitesimal operator L is a diffusion 
process which satisfies an SDE and so one can use its associated stochastic calculus. 

In [4] Bally, Pardoux and Stoica consider a semi-elliptic symmetric second-order differen- 
tial operator L ( which is written in divergence form ) with measurable coefficients in finite 
dimension. They prove the above system of PDE has a unique solution u in some functional 
space. Then they prove the solution Y tx of the BSDE yields a precised version of the solution 
u so that one has Y* ,x = u{t + s, X s ), P x -a.s. In this paper, we generalize their results to a 
non-symmetric second order differential operator L in infinite dimensions. 

In this paper, we consider PDE (1.1) for a non-symmetric second order differential operator 
L in infinite dimensions, which is associated to the bilinear form 

£(u,v) = J (A(z)Vu(z),Vv(z)) H dn(z) + J (A(z)b(z),Vu(z)) H v(z)dfi(z),u,v e TC^. 

Here we only need \A l / 2 b\ H e L 2 (E;/i). That is to say, in general the above bilinear form 
£ does not satisfy any sector condition. We use the theory of generalized Dirichlet form and 
the associated stochastic calculus( cf. [35-38]) to generalize the results in [4] both to infinite 
dimensional state spaces and fully nonsymmetric operators L. 

In the analytic part of our paper, we don't need £ to be a generalized Dirichlet form. We 
start from a semigroup (Pt) satisfying conditions (Al)-(A3), specified in Section 2 below (see, in 
particular, also Remark 2.1 (viii)). Such a semigroup can e.g. be constructed from a generalized 
Dirichlet form. It can also be constructed by other methods (see e.g. [14]). Under conditions 
(Al)-(A3), the coefficients of L may be quite singular and only very broad assumptions on A 
and b are needed. 

The paper is organized as follows. In Sections 2 and 3, we use functional analytic methods 
to solve PDE (1.1) in the sense of Definition 2.4 or equivalently in the sense of (1.2). Here the 
function / need not be Lipschitz continuous with respect to y; monotonicity suffices. And /i, 
which appears in the monotonicity conditions (see condition (H2) in Section 3.2 below), can 
depend on t. f is, however, assumed to be Lipschitz continuous with respect to the last variable. 
We emphasize that the first order term of L with coefficient Ab cannot be incorporated into 
/ unless it is bounded. Hence we are forced to take it as a part of L and have to consider a 
diffusion process X which is generated by an operator L which is the generator of a (in general 
non-sectorial) generalized Dirichlet form. We also emphasize that under our conditions PDE 
(1.1) cannot be tackled by standard monotonicity methods (see e.g. [5]) because of lack of a 
suitable Gelfand triple V C K C V* with V being a reflexive Banach space. 

In Section 4, we assume that £ is a generalized Dirichlet form and is associated with a 
strong Markov process X = (f2, J 7 ^, T t -, X t , P x ). Such a process can be constructed if £ is 
quasi-regular. We extend the stochastic calculus for the Markov process in order to generalize 
the martingale representation theorem. More precisely, in order to treat BSDE's, in Theorem 
4.3 we show that there is a set M of null capacity outside of which the following representation 
theorem holds : for every bounded J r 00 -measurable random variable £, there exists a predictable 
process : [0, oo) x VL — >■ H, such that for each probability measure u, supported by E \ M , 
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one has 

oo /»oo 

£ = E v {S\?v) + £ / tidMi P» - a.e.. 
i=o Jo 

In fact, one may choose the exceptional set M such that if the process X starts from a point 
of J\f c , it remains always in Af c . As a consequence we deduce the existence of solutions for the 
BSDE using the existence of solutions for PDE (1.1) in the usual way, however, only under P M , 
because of our very general coefficients of L (c.f. Theorem 4.7). 

In Section 5, we employ the above results to deduce existence and uniqueness for the solu- 
tions of the BSDE under P x for x G M c . As a consequence, in Theorem 5.4 one finds a version 
of the solution to PDE (1.1) which satisfies the mild equation pointwise, i.e. for the solution 
Y s of the BSDE, we have Y t s = u(t, X t - S ), P x -a.s. In particular, is P x -&.s. equal to u(t,x). 

In Section 6, we give some examples of the operator L satisfying our general conditions 
(A1)-(A5). 



2 The Linear Equation 

Let E be a separable real Banach space and (H, (•, •)#) a separable real Hilbert space such that 
H C E densely and continuously. Identifying H with its topological dual H' we obtain that 
E' C H C E densely and continuously and £/(-, -)e = (•, -)h on E' x H. Define the linear space 
of finitely based smooth functions on E by 

FC? := {f(h, l m )\m ENJE C™(R m ), h, l m G E'}. 

Here C£°(M. m ) denotes the set of all infinitely differentiable (real- valued) functions with all 
partial derivatives bounded. For u G TC^ and k G E let 

9u , v d . ... _ 
— (z) := — u(z + sk)\ s=0 ,z G E, 

be the Gateaux derivative of u in direction k. It follows that for u = f(l\, ■■■,l m ) £ FC^ 3 and 
k & H we have that 

i=l * 

Consequently, k i— >■ || (2) is continuous on if and we can define V«(z) G if by 

(Vu(z),fc)ff=^(2!). 

Let /i be a finite positive measure on (E, 13(E)). By L sym (H) we denote the linear space of all 
symmetric and bounded linear operators on H equipped with usual operator norm || ■ \\l°°{h)- 
Let A : E i— > L sym (H) be measurable such that (A(^)/i, > for all z G -E, ft. G i/ and let 
b : E H he 13(E) / '£>(if )-measurable. Assume that the Pseudo inverse A -1 of A is measurable 
Denote the iJ-norm by | • \h and set ||w(z)||2 := / \u(z)\ 2 dfi(z) for u G L 2 (E,fi). We 
also denote (it, t> )l 2 (e,h) by (w, u) for u, v G L 2 (E,fi). For p > 1, let L p (fi), L p (fi;H) denote 
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L p (E,fi), L p (E,fi;H) respectively. If W is a function space, we will use bW to denote set of 
all the bounded functions in W. 

Furthermore, we introduce the bilinear form 

£(u,v):= j \A{z)Vu{z),Vv{z)) H dfi{z) + J (A{z)b(z),Vu{z)) H v(z)dfi{z),u,v G FC£°. (2.1) 

Consider the following conditions, 

(Al) (A(-)k,k) G L l ([i) and bilinear form 

£ A (u, v) = J (A{z)Vu{z), Vv{z)) H dn{z)] u, v e FC£°, 

is closable on L 2 (E; fi). 

The closure of FC£° with respect to £ A := £ A + (•, is denoted by F. Then (£ A , F) is a 
well-defined symmetric Dirichlet form on L 2 (E,fi). We set £ A {u) := £ A (u,u),u G F. 

(A2) Let A x l 2 b G L 2 (E; H,/j), i.e. J \A 1 / 2 b\ 2 H dj2 < oo. We also assume there exists a > such 
that 

J {Ab, Vu 2 ) H d/2 > -a\\u\\l u G J r C^°,Vn > 0. (2.2) 

Obviously, £ from (2.1) immediately extends to all u G F, v G 6F. 

(A3) There exists a positivity preserving Co-semigroup P t on L 2 (E;fi) such that for any £ G 
[0,T],3C T > such that 

HPt/lloo < c T imu 

and such that its L 2 -generator (L, X>(L)) has the following properties: bD{V) C bF and for any 
u E bF there exists uniformly bounded u n G £>(£) such that £^{u n — u) — )■ as n — > oo and 
that it is associated with the bilinear form £ in (2.1) in the sense that £(u,v) = —(Lu,v) for 
u,v G bV(L). 

To obtain a semigroup Pj satisfying the above conditions, we can use generalized Dirichlet 
forms. Let us recall the definition of a generalized Dirichlet form from [36]. Let E\ be a 
Hausdorff topological space and assume that its Borel cr-algebra B{E\) is generated by the set 
C(Ei) of all continuous functions on E\. Let m be a a-finite measure on (Ei, B{E\f) such that 
H := L 2 (Ei,m) is a separable (real) Hilbert space. Let (A,V) be a coercive closed form on FL 
in the sense of [25]. We denote the corresponding norm by || • ||y. Identifying % with its dual 
H' we obtain that V — > H = H' — > V densely and continuously. 

Let (A, D(A, %)) be a linear operator on % satisfying the following assumptions: 

(i) (A, D(A, Ti)) generates a Co-semigroup of contractions (U t )t>o on H- 

(ii) V is A-admissible, i.e. {U t )t> can be restricted to a Co-semigroup on V. 

Let (A, J 7 ) with corresponding norm || • \\jr be the closure of A : D(A,1-L) PI V — >■ V as an 
operator from V to V and (A, F) its dual operator. 
Let 

, ( A(u,v) - (Au,v) if u G J 7 , veV, 

1 A(u,v) - (Av,u) iiueV.veF. 
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Here (•, •) denotes the dualization between V' and V, which coincides with the inner product 
(•, -)n in H when restricted to % x V. We set £ a {u, v) := £{u, v) + a{u, v)u for a > 0. We call 
£ the bilinear form associated with (A,V) and (A, D(A, "H)). If 

ueJ^M+AleVand £(it, it - w + A 1) > 0, 

then the bilinear form is called a generalized Dirichlet form. If the adjoint semigroup {Ut)t>o of 
(Ut)t>o can also be restricted to a Co-semigroup on V, let (A, D(A, %)) denote the generator of 
(Ut)t>o on "H, A{u, v) := A{v , it), u, v G V and let the coform £ be defined as the bilinear form 
associated with (A, V) and (A, -D(A, %)). 

Remark 2.1 (i) Some general criteria imposing conditions on A and /i in order that £ A be 
closable are e.g. given in [25, Chap II, Section 2] and [1]. 

(ii) In our case, due to our general conditions on b and /, we can't find a suitable Gelfand 
triple V C H C V* with V being a reflexive Banach space to apply the monotonicity method 
as in [5] or [30]. 

(iii) We can construct a semigroup P t satisfying (A3) by the theory of generalized Dirichlet 
forms. More precisely, if there exists a constant c > such that £c{-, •) := £(■>■) + c(-, ■) is a 
generalized Dirichlet form with domain J 7 x V in one of the following three senses: 

(A,V) = (£ A ,F), 

-(Au,v) -c(u,v) = J(A(z)b(z) : Vu(z)) H v(z)d/i(z) for u,v e FC™; 
0))(E 1 ,B{E 1 ),m) = (E,B(E),tj), 
A= and V = L 2 (E,fi) } 

— (Ait, u) = £c(u,v) for u,v £ D, where Z) C TC 1 ^ densely w.r.t. f^-norm and -D C T>{V)\ 
(c) £g = ^4, A = (In this case (^g; V) is a sectorial Dirichlet form in the sense of [25]); 
then there exists a sub-Markovian Co-semigroup of contraction P£ associated with the gen- 
eralized Dirichlet form £g. Then P t := e ct P£ satisfies (A3) and we have 

V(L) CJCF. 

In case (a), we see "6" -part in bilinear form as a perturbation to a symmetric Dirichlet form. 

(iv) The semigroup can also be constructed by other methods, (see e.g. [14], [8]). 

(v) By (A3) we have that £ is positivity preserving, i.e. 

£(u,u + ) > Vit e V(L), 

which can be obtained by the same arguments as in [36, I Proposition 4.4]. By (2.2) and (A3), 
we have for u G bT>(L),u > 

J Ludfj, = —£(u, 1) = — J (Ab, Vu) H dfi = — J (Ab, V(it + e)) H dfi < —a J (u + e)d^i. 

Letting e — > 0, we have / Lud\i < —a J udfi. (P t ) t £[o,T] is a Co-semigroup on L l (E; n). 

(vi) All the conditions are satisfied by the bilinear form considered in [35, Section 4] and 
the operator in [13, Chapter II, III, IV] (see Section 6 below). 

(vii) The notion of quasi-regularity for generalized Dirichlet forms analogously to [25] has 
been introduced in [36]. By this and a technical assumption an associated m-tight special 
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standard process can be constructed. We will use stochastic calculus associated with this 
process to conclude our probabilistic results (see Section 4 below). 

(viii) Our assumptions (Al), (A2) are to make sure that the operator L is associated to 
a bilinear form £ , which could be seen as a non-symmetric perturbation to the symmetric 
Dirichlet form £ A . Under these assumptions we prove the relation between generalized solutions 
(Definition 2.4), mild solutions and weak solutions in the sense of equation (2.7) in Proposition 
2.7. By this we obtain a priori L°°-norm estimates for the solution of the nonlinear equation 
(3.1), which is essential to the proof of the existence of the solution to the nonlinear equation, 
since in our case the condition (H4) on the nonlinearity / is more general than all previous 
papers [10], [18], [26]. 

Let us recall the notations F,Ct, \\ • \\t associated with £ A from [4]: Ct '■= C 1 ((0,T); L 2 ) D 
L 2 (0,T; F), which turns out to be the appropriate space of test functions, i.e. 

fT 

C T = W ■ [0, T]x£-> R\(p t G F for almost each t, / £ A ((f t , <ft)dt < oo, 

Jo 

t — y (ft is differentiable in L 2 and t — > dtft is L 2 — continuous on [0, T]}. 
We also set C [aM := C x {[a, b]\L 2 ) n L 2 ([a, b];F). For <p e C T , we define 

l^llr := (sup||^|| 2 + / £ A {vt)dt) 1 ' 2 . 

t<T Jo 

F is the completion of C T with respect to || ■ || T . By [4], F — C([0,T];L 2 ) nL 2 (0,T;F). And 
for every u G F there exists a sequence u n G FC^° ,T ', n G N, such that J Q T £f(u t — v%)dt — > 0. 
Here 

FC^ T := {f(t, h, l m )\m G N, / G C 6 °°([0, T] x R m ), h, l m G E'}. 
We also introduce the following space 

W l *{[^T]-L 2 {E)) = {u G L 2 ([0,T];L 2 );d t u G L 2 ([0, T]; L 2 )}, 

where dtu is the derivative of u in the weak sense (see e.g. [5]). 



2.1 Linear Equations 

We consider the linear equation 

(d t + L)u + f = 0, < t < T 
Ut{x) = <f>(x), x G E 

where / G L 1 ([0 , T]; L 2 (E , fi)) , 4> e L 2 (E,fi). 

By [4] we set D A i/ 2 ip := A 1/2 V(f for any if G FC£°, define V = {D A i/ 2 (f : ip G FC™}, and 
let V be the closure of Vo in L 2 (E; H,fi). And then we have the following results. 

Proposition 2.2 Assume (Al) holds. 
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(i) For every u G F there is a unique element of V, which we denote by D A i/2U such that 



£ A (u,ip) = J{D A i/2u(x),D A i/2<p(x)) H fi{dx), VlpEFC™. 
One has A 1 / 2 A~ l l 2 D A i/iu{x) = D A i/2u(x). Moreover, the above formula extends to u, v G F, 

S A (u,v) = / (D A i/ 2 u(x), D A i/2v(x))HfJ'(dx). 



(ii) Furthermore, if u G F, there exists a measurable function : [0, T] x E i— >■ if such that 
IA^VIh e L 2 ([0,T] x £) and D^i/su* = A 1/2 t for almost all t G [0,T]. 

(iii) Let w n , u G F be such that u n — > u in L 2 ((0,T) x i?) and (D A i/2U n ) n is a Cauchy- 
sequence in L 2 ([0,T] x Then D A i/2U n -»■ D A i /2 u in L 2 ((0,T) x i.e. D A i/ a is 
closable as an operator from F into L 2 ((0,T) x i?; H). 

Proof See [4, Proposition 2.3]. □ 
For u G F,v G 6F we will denote 

£(w,t>):= (D A i/2u(x), D A i/2v(x)) HfJ>{dx) + (A^^^b, D A i/2u) nvfi(dx). 



Notation By Vn we denote the set of all measurable functions <fi : E — >• if, such that 
A 1 / 2 ^ = D A i/2U as elements of L 2 (/i; if). 



2.2 Solution of the Linear Equation 

In this section we will introduce the concept of generalized solution and prove a generalized 
solution is equivalent to a mild solution in Proposition 2.7. Moreover, a generalized solution 
satisfies the weak relation (2.7). We don't use weak relation (2.7) as the definition of the 
solution. Since the solution is not in the domain of operator L, we can't choose it as a test 
function. It seems impossible to prove uniqueness of solution if we choose weak relation as the 
definition of the solution. 

Definition 2.3 [strong solution] A function u G -FflL 1 ((0, T); T>(L)) is called a strong solution 
of equation (2.3) with data (<f),f), if t > u t = u(t,-) is L 2 -differentiable on [0,T],d t u t G 
^((0,7); L 2 ) and the equalities in (2.3) hold in L 2 (/i). 

Definition 2.4 [generalized solution] A function u G F is called a generalized solution of 
equation (2.3), if there exists a sequence of {u n } consisting of strong solutions with data (0 n , f n ) 
such that 

|K - u\\ T -+ 0, - 0|| 2 0, lim f n = f in ^([0, T];L 2 (fi)). 

By (A3)and Remark 2.1 (v), for < t < T, P t , as C -semigroup on L 1 (i?;/i), can be 
restricted to a semigroup on L P (E; fi) for all p G [1, 00) by the Riesz-Thorin Interpolation The- 
orem and the restricted semigroup (denoted again by P t for simplicity) is strongly continuous 
on L"(E;fi). 

Proposition 2.5 Assume that (Al)-(A3) hold. 



S 



(i) Let / G C 1 ([0,:T];L p ) for p G [l,oo). Then w t := P s _ t f s ds G C 1 ([0, T]; L p ), and 

d t w t (x) = —Pr-thix) + j't P s -td s fs{x)ds. 

(ii) Assume that G £>(L), / G ^([O, T]; L 2 ) and for each t G [0,T], G £>(L) . Define 
u t := Pr-t4>+ L Ps-tfsds. Then w is a strong solution of (2.3) and, moreover, u G C 1 ([0, T]; L 2 ). 
Proof By the same arguments as in [4, Proposition 2.6]. □ 

Proposition 2.6 Assume that conditions (A1)-(A3) hold. If / G ^([0, T], L 2 (/x)) and u is 
a strong solution for (2.3), it is a mild solution for (2.3) i.e. u t = PT-t4> + C Ps-tfsds. 

Proof For fixed t, if G X>(L) (u T , P T - t tf)-(u t , if) = J^(-Lu s -f s , P a _ t tp)ds+ J^(u s , LP s _ t ip)ds. 
Here L,P t denote the adjoints on L 2 (E,n) of L, P t respectively. As u is a strong solution, we 
deduce that (u t , if) = (Pr~t<P + J t Ps-tfsds, if). Since T>(L) is dense in L 2 , the assertion follows. 
□ 

Proposition 2.7 Assume that conditions (A1)-(A3) hold, / G ^([0, T];L 2 ) and G L 2 . 
Then the equation (2.3) has a unique generalized solution u G F 

u t = P T -t<l> + j Ps-tfsds. (2.4) 
The solution satisfies the three relations: 

\\u t \\ 2 2 + 2^ £ A (u s )ds < 2 J (f s ,u s )ds+ \\<j>\\l + 2a J \\u s \\ 2 2 ds, < t < T, (2.5) 

||n||^<M T (||0|| 2 + (/ r ||/,|| 2 dt) 2 ), (2.6) 



((itt, <9 4 y2 t ) + E A [u u (ft) + y (A 1/2 b, D A i/2U t ) H if t dfi)dt = J (f t , if t )dt + (0, ip T ) - (u Q , if ), 

(2.7) 

for any if G fcCr- 

Moreover, if u G -F is bounded and satisfies (2.7) for any ip G bCx with bounded (/, 0), then 
m is a generalized solution given by (2.4). (2.7) can be extended easily to ip G 6H^ 1,2 ([0, T}; L 2 ) D 
L 2 ([0,T];F). 

Proof Define u by (2.4). First assume that 0, / are bounded and satisfy the conditions of 
Proposition 2.5 (ii). Then, since u is bounded and by Proposition 2.5 we know that u is a 
strong solution of (2.3), hence it obviously satisfies (2.7). Furthermore, u G C 1 ([0, T}; L 2 ). 
Hence, actually u G oCt and consequently, 

T r pT 

{{u u d t u t ) +£ A (u t ,u t ) + (A 1/2 b,D A i /2 u t ) H u t dfi)dt = / (/ t , u t )dt + (0, u T ) - (u to , u to ). 

to J J to 

By (2.2) we have J (A l ' 2 b, D A i/2Ut) H^td[i > — a||wt||| then we obtain 

r-T />T 



KII2 



+ 2/ £ A (u s )ds<2[ (f a ,u 3 )ds+ \m 2 2 + 2a I \\u s \\ 2 ds, 0<t<T. (2.8) 

Jt Jt 
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As 



J (f s ,u s )ds=J ((fs, Pr-st) + (fs, J Pr-sfrdr))ds 



T-ti 



<M o e J -*(||0|| 2 / \\f s \\ 2 ds+ (\\f.h \\frhdr)ds 



and /; \\u s \\ 2 ds < M T - t {\\<f>\\l + (J, Wfthdt) 2 ), we obtain \\u t g + jf £ A {u s )ds < M T _ t {\\cj>\\ 2 
(Jq \\ftW2dt) 2 ). Hence, it follows that 



T 



\H\ 2 T <M T (U\\ 2 2 + ( WfthdtY). (2.9) 
Jo 

Here the constant Mx-t may change from line to line, but it is independent of /, 0. Now we 
will obtain the result for general data <fi and /. Let (f n ) n &N be a sequence of functions in 
bC l {[Q,T};L 2 {yL)) such that f t G V(L) for a.e. t G [0,T] and £ \\ft - fthdt -»■ 0. (Such 
a sequence exists, since {a t g(x);a t G C^°[0,T],g G fcD(L)} is dense in L 1 ([0, T]; L 2 )). Take 
functions (0 n )„ g 7v C bT>(L) such that n — >■ in L 2 . Let w n denote the solution given by (2.4) 
with / = f n ,(j) = <p n . 

By linearity, u n — u m is associated with (0™ — m , /" — / m ). Since (2.9) implies that 

ik - u m \\ 2 T < M T (\\r - rwi + ( f \\K - f?hdt) 2 ), 

Jo 

we deduce that (u n ) n& N is a Cauchy sequence in F. Then u = lim^oo u n in || ■ ||t is a generalized 
solution of (2.3) and (2.4) follows. 

Next we prove (2.5) (2.6) (2.7) for u. For ip G bCr, we have 



/ ((<,%>*) +^(<,<^) + f(A 1 / 2 b,D A1/ 2U?) H <p t dn)dt= [ (ft, <pt)dt + (<!>»,<&) 
Jo J Jo 

(2 ' 10) 

Since we have | J Q £ A (u' t l - u h ip t )dt\ < (J Q £ A (u r t l - u t )dt)^(J £ A ((p t )dt)^ -» 0, and 

I f [ (A^ 2 b,D A1/ ,(^ - u t )} H cp t dfidt\ < ||^|| 00 ( f [ \A^ 2 b\ 2 H d^dt)^( [ [ |^i/2« - Ut)\ 2 H dydb)* 
Jo J Jo J Jo J 

->0, 

we deduce (2.7) for any (p G bCx- 

Since ||u"||t — > \\ u t\W, we conclude lim n ^oo J Q T £ A (u r {)dt = £ A (u t )dt. As the relations 
(2.5), (2.6) hold for the approximating functions, by passing to the limit, (2.5) and (2.6) follows 
for u. 

[Uniqueness] Let v G F be another generalized solution of (2.3) and let (v n ) n€ N, (0 n )„, e Ar, (f n )n<=N 
be the corresponding approximating sequences in the definition of the generalized solution. By 
Proposition 2.8 sup, e[0jT] ||< - < M T (||0 n - 4> n \\ 2 + (/ Q T \\ft - fthdt) 2 ). Letting n oc, 
this implies u = v. 

For the last result we have Vt > 0, (p G bCx 



T „ r rT 

a.b 1 



((u u d t ip t ) + £°" (u t ,<pt)+ (ba, D a ut}<ptdm)dt = / (ft,<Pt)dt+(<j>,<pr)-(uto,<Pto). (2.11) 

J J t 
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For t > i, define := n f Q n Ut- S ds, /" := n J " f t - s ds,(j) n := n J " Ur- S ds. It is easy to check 
that w n also fulfills (2.11) with / n ,0 n i.e. for fixed t £ (0,T], and for n > 

T («, d m ) + £ A «, ^) + / (A 1/2 b, D A ^u n t ) Vt dm)dt = [ T (tf, <p t )dt + (0", y T ) ~ «, ^o)^- 
*o ■/ -/to 

For the mild solution v associated with /, 0, the above relation also holds with v n replacing u 11 . 
Hence we have 

T {{{u - v)l d m ) + £ A {{u - «)» <&) + / (A 1/2 b, D A1/2 (u - v)?)tp t dm)dt = -((« - «)» , ^ ). 

to ■/ 

Since (u — v )" £ 6C[i jT ], the above equation holds with (u — u)" as a test function. So we have 

\\{u-v)l\\l + 2 [ T E A ((u-v)?,(u-v)?)dt<2a f \\{u - v) n t \\ldt. 

By Gronwall's Lemma it follows that || (u — v)^ Q ||| = 0. Letting n — > oo, we have ||w to — Ut H2 = 0. 

Then letting t — >■ 0, we have ||wo — ^oll = 0. Therefore, u t = PT~t4>+ P s -tf s ds is a generalized 
solution for (2.3). □ 

We can prove the following basic relations for the linear equation which is essential to the 
following section. The basic idea of the proof comes from [4]. As the definition of the solution 
is different from [4] and our bilinear form is not symmetric, we need to apply some results 
in Proposition 2.7 and some properties of the bilinear form £ from (Al)-(A3) to conclude the 
following proposition. And here we also use some new estimates to deal with the non-symmetric 
part of the bilinear form £. By Corollary A. 4 and a modification of [4] we prove Proposition 
2.8. We omit it here. For more details, we refer to [40]. The proof of Corollary A. 4 is included 
in Appendix A. 

Proposition 2.8 Let u = (u 1 , «*) be a vector valued function where each component is 
a weak solution of the linear equation (2.3) associated to data f l £ L 1 ([0, T]; L 2 ), 0* £ L 2 for 
i — 1, I. By (j), f denote the vectors (f> = (0 1 , 4> l ), f = (f 1 , f l ) and by D A yiu the matrix 
whose rows consist of D A i/2u\ Then the following relations hold //-almost everywhere 



2! P s _ t {\D A ^u s \ 2 H )ds = P T _ t \<P\ 2 + 2 [ P s _ t (u s ,f s )ds, (2.12) 
Jt Jt 



\ u t\ 



and 



\u t \ < Pt-M + J P s -t{us, fs)ds. (2.13) 
Here we write x = x/\x\, for x £ M. 1 , x ^ and x = 0, if x = 0. 



3 The Non-linear Equation 

In the case of non-linear equations, we are going to treat systems of equations, with the unknown 
functions and their first-order derivatives mixed in the non-linear term of the equation. The 
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non-linear term is a given measurable function / : [0, T] x E H l — > M. 1 , I G N. We are 

going to treat the following system of equations. 

(d t + L)u + /(-,-, u, D A i/*u) = 0, u T = <p- (3.1) 

The function is assumed to be in L 2 (E, dfi; M 1 ). 

Definition 3.1 [Generalized solution of the nonlinear equation] A generalized solution of 
equation (3.1) is a system u = (u 1 ,?/ 2 , ...,u l ) of I elements in F, which has the property that 
each function f l (-,-,u,D A i/2u) belongs to L 1 ([0, T]; L 2 (/i)) and such that there is a sequence 
{u n } which consists of strong solutions to (3.1) with data (0 n , f n ) such that 

\\u n -u\\ T ->■ 0, ||0„-0|| 2 -> and lim f n (-,-,u n ,D A i/2U n ) = f(-,-,u,D A i /2 u) in L^QO, T]; L 2 (//)). 



Definition 3.2 [MiW solution] A mild solution of equation (3.1) is a system u = (u 1 , u 2 , ...,u l ) 
of / elements in F, which has the property that each function f l (-,-, u, D A i/2u) belongs to 
L 1 ([0, T]; L 2 (n)) and such that for every i G {1, /}, the following equation holds 

u i {t,x) = P T -t4> i {x) + J P s - t f(s,-,u s ,D A y2U s ){x)ds,fj l -a.e.. (3.2) 



Lemma 3.3 u is a generalized solution of the nonlinear equation (3.1) if and only if it is a 
mild solution of equation (3.1). 

Proof The assertion follows by Proposition 2.7. □ 

We will use the following notation \u\ H := ^|-u*|#,foru G L 2 (E\ H l , dfi), := Yl\=\ ll^lli) 
for G L 2 (E,dpL;R l ),£(u,v) := £| =1 £(u*, v'), := E!=i f A ( ui > u *)» for u ' w G 



If- := sup t<T ||n t || 2 + £ A (u t )dt, for it G F'. 



3.1 The Case of Lipschitz Conditions 

In this subsection we consider a measurable function /:[0,T]x£ x R l x M. 1 such that 

|/(*, x, y, z) - f(t, x, y', z') \ < C(\y - y'\ + \z - z'\ H ), (3.3) 

with t, x, y, y', z, z' arbitrary and C a constant independent of t, x. We set f°(t, x) := f(t, x, 0, 0). 

Proposition 3.4 Assume that conditions (A1)-(A3) hold and / satisfies condition (3.3), 
f° G L 2 ([0,T] x E,dt x dfi;R l ) and G L 2 (E;M')- Tnen equation (3.1) admits a unique 
solution u £ F l . The solution satisfies the following estimate 

||n|| 2 .<e^ 2 ^-)(||0|| 2 + ||/1i 2([Oir]x£) ). 

Proof If u G F z , then by relation (3.3) we have 

|/(-, •, u, D Al/2 u) | < |/(-, •, it, D Am u) - /(•, •, 0, 0) | + |/(-, •, 0, 0) | 
<C(\u\ + \D A1/ 2u\ H ) + \f°\. 
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As f° G L 2 ([0,T} x E,dt x d/x;R l ) and |D A i /2 m|h is an element of L 2 ([0,T] x £), we get 
/( V) u,% 2 «)GL 2 ([0,r]x£;;l ! ). 

Now we define the operator A : F l — > F l by (iw)J = Pr-t0*(^)+ J t P s -tP(s, "s, -D4i/2U s )(:r)<is, z = 
1, /. Then Proposition 2.7 implies that G -F'. In the following we write f l u s := p(s, •, it s , D A i/2U s ). 

Since — = P s - t (f % u . s — P s )ds is the mild solution with data (/* — /*,0), by the 

same argument as in Proposition 2.7 we have 

II I Ps-t{P u>s - P v , s )ds\\l n < Mr( [ T \\f u , - P, s hds) 2 
Jt Jt 

<M T {T -t) J {\\u s - v s \\l + [\[D A y*u s - D Al/ 2V s \ H \\ 2 2 )ds < M T {T - t)\\u - v\\\ m: 

where Mr may change from line to line. Here ||w||[T a ,T(,] := ( sn Pte[T a ,T b ] \\ u t\\2 + It £ A ( u t)dt)^ , 
where < T a < < T. Fix T\ sufficiently small such that M^(T — 21) < 1. Then we have : 



\Au — Av||? Tl T j < ||u — 



\[Ti,T}- 



Then there exists a unique ui G F[t u t\ such that Au\ = ui where F[T a ,T b ] '■= C([T a , T&]; L 2 ) fl 
L 2 ((T a , T&); F) for T a G [0,T] and G [T a ,T]. Then we can construct a solution on [0,T] by 
iteration and uniqueness follows from the fixed point theorem. 
In order to obtain the estimate in the statement, we write 

\J Uu,s,u s )ds\< l -J^ \\f s \\lds + (I + C+ l -C 2 )J^ \\ Us \\lds+ l -J^ £ A (u s )ds. 
By relation (2.5) of Proposition 2.7 it follows that 

\\u t \\ 2 2 + 2 [ £ A (u s )ds<2 [ (f u<s ,u s )ds+ U\\ 2 2 + 2a [ \\u s \\ 2 2 ds 
Jt Jt Jt 

<U\\l+ [ \\f°\\ 2 2 ds + (l + 2C + C 2 + 2a) [ \\u s \\ 2 2 ds + [ £ A {u s )ds. 
Jt Jt Jt 

Now by Gronwall's lemma the desired estimate follows. 

□ 



3.2 The Case of Monotonicity Conditions 

Let / : [0, T] x E x R l x H l — > R l be a measurable function and <p £ L 2 (E,fi;R l ) be the final 
condition of (3.1). In this subsection we impose the following conditions: 

(HI) [Lipschitz condition in z] There exists a fixed constant C > such that for t,x,y,z,z' 
arbitrary \ f(t,x,y,z) - f(t,x,y,z')\ < C\z - z'\ H . 

(H2) [Monotonicity condition in y] For x, y, y', z arbitrary, there exists a function /x G F 1 ([0, T}; R) 
such that (y - y', f{t,x,y, z) - f (t,x,y', z)) < /J t \y - y'\ 2 - We set a t := / * fJ, s ds. 

(H3) [Continuity condition in y] For t, x and z fixed, the map M. 1 E5 y \-> f(t, x, y, z) is continuous. 
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We need the following notation f°(t, x) := f(t, x, 0, 0), f'(t, x, y) := f(t, x, y, 0) — /(£, x, 0, 0), 
f' r (t,x) := sup M < r \f'(t,x,y)\. 

(H4) For each r > 0, f> r G L x ([0, T]; L 2 ). 

(H5) ||0|| oo <oo,||/°|| oo <oo. 

As /i(£) < oo we have |0| G L 2 , |/°| G L 2 ([0, T]; L 2 ). The conditions (HI), (H4), and (H5) 
imply that if u G F is bounded, then \ f(u, D A i/2u)\ G L 1 ([0, T]; L 2 ). Under the above condi- 
tions, even if E is equal to a Hilbert space, it seems impossible to apply general monotonicity 
methods to the map V 3 u y f(t, -,«(•), D A i/2u) G V because of lack of a suitable reflexive 
Banach space V such that V C Ti C V. Therefore, also here we proceed developing a hands-on 
approach to prove existence and uniqueness of solutions for equation (3.1) as done in [4], [34] 
and in particular, [40]. 

Lemma 3.5 In (H2) without loss of generality we assume that fi t = 0. 
Proof Let us make the change of variables u* t := exp(a t )u t and set 

(j)* := exp(a T )0 f*(y, z) := exp(a t )f t (exp(-a t )y, exp(-a t )z) - ji t y 

for the data. Next we can easily prove that u is a solution associated to the data (<f), f) if and 
only if u* is a solution associated to the data (0*, /*). It is obvious that (H1)-(H5) are satisfied. 

□ " 

Lemma 3.6 Assume that conditions (Al)-(A3), (HI) and the following weaker form of 
condition (H2) (with \i t = 0) hold, 

(H2')(y,f'(t,x,y))<0, 

for all t, x, y. If u is a solution of (3.1), then there exists a constant K which depends on C, T, a 
such that 

T 



\u\\ 2 T <K(U\\t+ [ \\fXdt) 
Jo 



Proof Since a is a solution of (3.1), we have by Proposition 2.7 + 2 S A (u s )ds < 

2 f t T (f s ,u s )ds + \\u T \\ 2 2 + 2a \\u s \\ 2 2 ds. Conditions (HI) and (H2') yield 

(f s (u s , D A x/2U s ),u s ) =(f s (u s , D A i /2 u s ) - f s (u s , 0) + f' s (u s ) + /°, u s ) 
<{C\D Al/ iu s \ H + \f°\)\u s \. 

Hence, it follows 

\\u t \\l + 2^ £ A {u s )ds<J^ £ A {u s )ds + (C 2 + 1 + 2a) J \\u s \\ 2 2 ds + \\f s \\ 2 2 ds + \\u T \\l ■ 



Then by Gronwall's Lemma, the assertion follows. □ 

By using Proposition 2.8, Lemma A. 5 and Jesen's inequality, we have the following esti- 
mates. This can be done by a modification of the arguments in [4, Lemma 3.3] and we omit it 
here. For more details, we refer to [40]. 
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Lemma 3.7 Assume that the conditions (Al)-(A3), (HI) and (H2') hold. If u is a solution 
of (3.1) , then there exists a constant K, which depends on C and T such that 



Now we want to prove the following main theorem in this section. The proof here is different 
from the finite dimension case since a unit ball in H is not compact. And it is inspired from 
the probabilistic approach to prove the existence of the solution of the BSDE of [11]. 

Theorem 3.8 Suppose the conditions (Al)-(A3), (H1)-(H5) hold. Then there exists a unique 
generalized solution of equation (3.1). And it satisfies the following estimates with constants 
K\ and K 2 independent of u, <p, f 



Proof [Uniqueness] 

Let u\ and u 2 be two solutions of equation (3.1). By using (2.5) for the difference u\ — u 2 



«||oo<#(IM|oo+||/°||oo). 



(3.4) 




and 



«||oo<^2(||0||oo + ||/°||oo). 



we get 




T 



Ul, a - U 2 , s \\lds 



By Gronwall's lemma it follows that \\uij — U2.t\\ 2 = 0, hence u\ = u 2 . 
[Existence] The existence will be proved in two steps. 
Step 1. Suppose / is bounded. We define M := sup \ f(t,x,y,z)\. 
We need the following proposition. 



Proposition 3.9 If / satisfies the condition in Step 1, then for v G 
solution u G F l for the equation 



F l , there exists a unique 



(d t + L)u + /(•, •, u, D A i/2v) = 



Ut = 4>- 



Following the same arguments as in Lemma 3,5, we assume that 2C 2 



+ 2a + fit < 0, 
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For each v E F l , we define Av = u where u is the unique solution obtained by Proposition 
3.9. Let V\,v 2 E F l . By applying (2.5) to the difference u\ — u 2 we get 

IK,t - u 2 , t \\l + 2 J E A {u 1)S - u 2 , s )ds 

<2^" (f(s, -,Ux, 8 ,D A \/2V 1%a ) - f(s, ■,U2,s,D A i/2V2,s),Ui >a - u 2 , s )ds + 2a ^ \\ u i,s - U2, s \\lds 

<2 J C(\D A i/2V 1>s - D a i/2V 2>s \h, \ui,s ~ u 2>s \)ds+ J (2a + fi s ) \\u 1)S - u 2:S \\ 2 2 ds 
1 f T 

<- J S A (v liS -v 2iS )ds. 

Consequently we have \\Avi —Av 2 \\t < |ll u i — v z\\t- Then the fixed point u of A is the solution 
for (3.1). 

Proof of Proposition 3.9 We write f(t, x, y) = f(t, x, y, D A i/sv). 
We regularize / with respect to the variable y by convolution: 

f n (t,x,y,z) = n l / f(t,x,y')<p(n(y -y'))dy' 



where if is a smooth nonnegative function with support contained in the ball {\y\ < 1} such 
that J tp — 1. Then / = lim^oo f n and for each n, d y .f n are uniformly bounded. Then each 
f n satisfies a Lipschitz condition with respect to both y and z. Thus by Proposition 3.4 each 
fn determines a solution u n E F l of (3.1) with data (<f), f n ). By the same arguments as in [34, 
Theorem 4.19], we have that each /„ satisfies conditions (HI) and (H2') with C = and \x = 0. 

Since \f n (t, x, 0, 0)| < n l J, ,, <i \f(t, x, y')\\cp(n(— y'))\dy' < M, one deduces from Lemma 3.7 

\y i — n 

that llw^lloo < K and ||it n ||T < Kt- 

Since the convolution operators approximate the identity uniformly on compact sets, we get 
for fixed t, x, lim^oo d' nK (t, x) := sup^ <K \ f(t,x,y) — f n (t,x,y)\ = 0. Next we will show that 
(w n ) ne 7v is a || • ||T-Cauchy sequence. By (2.5) for the difference U[ — u n , we have 



\ui,t-Un,t\\t + 2 I £ A {ui,s ~ Un,s)ds 



<2 J (fi(s,-,ui, s ) - f n (s,-,u niS ),ui iS -u n>s )ds + 2a J \\ui iS - u niS \\ 2 ds 

< 2 / "»«!.-) ~f( S ,-, «i 1 a)|,K*-«n,«|)ds + 2 / (\f n (s, ; U n>s ) - f(s, ; U n>s ) | , \u l>a ~ U n>s \)ds 

Jt Jt 

+ 2 J (f(s,-,ui iS ) - f(s,-,u niS ), ui >s - u n>s )ds + 2a J \\u Us - u n ^\\ 2 2 ds 



<2 J {d' l K (s, •) + d' nK (s, •), \u itS - u n>s \)ds + 2a J 

<[ \\d' l , K (s,-)\\lds+ f \\d' n>K (s,-)\\lds + (2 + 2a) [ 
Jt Jt Jt 
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and that lim^oo \\d' n r (s, •) = 0. Thus, for l,n large enough, we get for an arbitrary 
e > 

\\ui :t - u ni t\\l + J £ A (u Us - u n , s )ds <e + K J \\ui, t - u n> t\\\ds, 

where K depends on C, M, n,a. It is easy to see that Gronwall's lemma then implies that 
(M n ) ne 7v is a Cauchy-sequence in F. Define u := lim^oo u n and take a subsequence (n k ) keN 
such that u nk — > u a.e. We have /(-,-, u nk ) — > /(-,-, u) in L 2 (<it x djj). Since ||u nfe — w|| T — >• 0, 
we obtain |||D A i/ 2 u - D A i,2U nk \ H \\ L 2 [dtxd ^ ->■ 0. 
We conclude 

lim ||/n fc KJ - f(u)\\ L 2 (dtxd M) < lim ||/n fc KJ - /KJIU^xdM) + lim ||/(w„J - /(lOH^x^) 

fe— s-oo fe— >oo fc— >oo 

< , lim lK fc ,rlU 2 (dtxd M ) + lim ll/KJ - /(w)||i2 (dtxd(U) = 0. 

By passing to the limit in the mild equation associated to u nk with data (0, f nk ), it follows that 
u is the solution associated to (0, f(u, D A i/ 2 v)). □ 

Step 2. Now we consider the general case. Let r be a positive real number such that 
r > 1 + i^dl^Hoo + ||/°||oo), where K is the constant appearing in Lemma 3.7 (3.4). Let 9 r be 
a smooth function such that < 6 r < 1, 6 r (y) = 1 for \y\ < r and 6 r (y) = if |y| > r + 1. For 
eachn e iV, we set q n (z) := and h n (t,x,y : z) := r (y) (/(t, x, y, q n (z)) - / t °) / /, r + lvw + 

We have 



V n 



|/i„(t,:r,j/,z)| < |/(t,2,y,g n ,(z)) - f(t,x,y,0) + f(t,x,y,0) - ft\ l {\y\<r+i}jr^i 

n f'< r+1 

< C\q n {z)\ H + / + /° < (1 + C)n + /°. 

We easily show that h n satisfies (HI) and (H3). So, we only need to prove (H2). For y,y' e M. 1 , 
if | y | > r + 1, >r + l, the inequality is trivially satisfied and thus we concentrate on the 
case \y'\ < r + 1. We have 

Tl 

(y - y',h n {t,x,y,z) - h n (t,x,y',z)) =9 r (y) ^ ^ (y - y',f(t,x,y,q n (z)) - f(t,x,y',q n (z))) 

+ /Wvw 0W - W))<2/ - v', fit, x, y', *»(*)) - /°>- 

The first term of the right hand side of the previous equality is negative. For the second term, 
we use that 6 r is C(r)-Lipschitz, 

(9 r (y) - 6 r (y'))(y - y', f(t, x, y', q n {z)) - /°) <C(r)\y - y'\ 2 \f(t, x, y', q n {z)) - /°| 

<C(r)(Cn + ti +1 (t))\y-yf, 

and thus 

•(</) - W))<2/ " /(*> 2/'' <&»(*)) - /t°> < C(0(C + l)n|y - yf . 



f' r+1 V n 
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Then each h n satisfies the assumptions in Step 1, and thus u n is the solution of (3.1) with data 
(h n ,(j)). We have 

(y, h' n (t, x, y)) = (y, h n (t, x, y, 0) - h n (t, x, 0, 0)) = (y, f(t, x, y, 0) - /°) n < 0. 

By Lemma 3.7, we also have ||"u n ||oo <r — l, \\u n \\T < K T . So, u n is a solution with data (f n , 0), 
where f n (t, x, y, z) = {fit, x, y, q n (z)) — ft) f', r +i Vn + ft- For ^ s function (H2) is satisfied with 
fit = 0. Conditions (HI) and (H2) yield 

\(fi(ui,D A i/2Ui) - f n (u n ,D A i/2U n ),ui - u n )\ 
<C(\D A i/2Ui - D A i/ 2 u n \ H , \ui - u n \) + \{fi{u n , D A i/2U n ) - f n (u n ,D A i/2U n ),ui - u n )\. 

For n < Z, we have 

\fl(u n , D A i/2U n ) — f n (u n , D A i/aU n )\ <2C\D A i/2U n \H^{\D 1/2 u n \ H >n} 



+ c ZC\D A i/2U n \ H l{f,r+i >n } + 2f ' r+1 l{/',r+i >n ,} 
Then we have 



T 



\\ui, t - u n .t\\ 2 + 2j 8 {u l>s - u n>8 )ds 

<2 j {fl{Ui >s , D A i/2Ui >s ) - f n { 

u n ,si D A i/2ii n>s ),Ui )S - u n<s )ds + 2a J \\u l)S - u n)S \\lds 
<(C 2 + 2a)J^ \\m - u n \\\ds + J £ A (ui - u n )ds + 8C(r - 1) j J \D A i/2U n \ H ^{\D Al/2 u n \H>n}d^ds 

+ 8C(r - 1) J \D A i/2U n \ H l { f, r+1>n] dfids + 8C(r - 1) J J f'> r+1 l {f >, r+1>n} dnds. 
As llttnllr — Kt, we have J Q T || \D A i/2U n \H\\2ds < K T . Hence, 

n / II 1 !! D A l/2 u n\H>n 

y\\lds < J \\\D A i/2U n l { \ DAl/2Un \ H > n} \ H \\lds < K T . 
As lim^oo j { f, r>n} f' r dfids = 0, and 



r-T 




\D A i/2U n \ H dfldt < \\l{f,r >n y\\L 2 (dtxdfi) || \D A i/2U n \ H \\L 2 {dtxdn) — > 0, 

h J{f'>r>n} 

for n big enough we have 

\\ u l,t ~ U n,t\\l + J £ A ( u l,s ~ Un,s)ds < {C 2 + 2ot) J \\ui - U n \\\ds + E . 

By Gronwalls' lemma it is easy to see that (u n ) n£ N is a Cauchy sequence in F l . Hence, 
u : = lim^oo u n is well defined. We find a subsequence such that (u Uk , D A i/2U n , k ) — > (u, D A i/2u) 
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a.e. f(u nk , D A i/2u) — > f(u, D A i/2u), and conclude that 

\fn k (u nk ,D A i/ 2 U nk ) - f(u,D A i/2U)\ 
< l {f<r<n k }\f( U i D A^u) ~ f(u nk ,q nh (D A i/2U nk ))\ 

+ l {f,r>n k }[\f( u > D AW u ) ~ f°\ + \f(u,D A i/2u) - f(u nk ,q nk (D Al/2 u nh ))\] 
<\f(u nk ,D A i/2u) - f(u nk ,q nk (D A i/2U nk ))\ + \f(u nk ,D A i/2u) - f(u,D A i /2 u)\ 
+ 1 {f'' r >n k }\f( u > D AV*u) - f°\ -»• a.e.. 

Since 

\fn k (Un k ,D A i/2U nk ) - f(u,D A i/ 2 u)\ 
<\f(u,0) - f(u,D A y 2U )\ + \f nk (u nk ,D A1/2 U nk ) - fn k (u nk ,0)\ + \f nk (u nk ,0)-f°\ + \f°-f(u,0)\ 

<C(\D A i/2u\ H + \D A i/2U nk \ H ) + 2/'' r , 
we have 

fn k (Un k ,D A i/2U nk ) f(u,D A i/2U) 

in L 1 ([0, T], L 2 ). We conclude u is a solution of (3.1) associated to the data (0,/). 

□ 

4 Martingale representation for the processes 
4.1 Representation under P x 

To relate the solution of non-linear equation (3.1) to backward stochastic differential equation, 
the most important part is to prove martingale representation theorem. In classical case, we 
could use the martingale representation theorem for Brownian motion. Now we want to extend 
this result for the process associated with the operator L. In [31], they prove an abstract result 
about martingale representation theorem for Hunt process. Now we follow their idea to prove 
Fukushima representation property mentioned below holds for our operator L and extend their 
results to infinite dimensional case. 

In order to obtain the results for the probabilistic part, we need that S is a generalized 
Dirichlet form in the sense of Remark 2.1 (iii) with c = 0. There is a Markov process X = 
(Q, Too, Ft, X t , P x ) which is properly associated in the resolvent sense with £, i.e. R a f : = 
E x J °° e~ at f(X t )dt is ^-quasi-continuous m-version of the resolvent G a of £ for a > and 
/ G Bb(E)r\L 2 (E; /i). The coform 8 introduced in Section 2 is a generalized Dirichlet form with 
the associated resolvent (G a ) a>0 and there exists an m-tight special standard process properly 
associated in the resolvent sense with S. We always assume that (J r t)t>o is the (universally 
completed) natural filtration of X t . From now on, we obtain all the results under the above 
assumptions. 

As mentioned in Remark 2.1 (vii), such a process can be constructed by quasi-regularity 
([36, IV. 1. Definition 1.7]) and a structural condition ([36, IV. 2. D3] on the domain T of the 
generalized Dirichlet form. 
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We will now introduce the spaces which will be relevant for our further investigations. Define 



M := {M\M is a finite additive functional, E Z [M?] < oo, E z [M t ] = 
for 8 — q.e.z G E and all t > 0}. 

M G Ai is called a martingale additive functional (MAF) . Let MeM, Then there exists an 
^-exceptional set N, such that (M t , Ft, P z )t>o is a square integrable martingale for all z G £'\A r 
(c.f. [38]). Furthermore define 

M = {M G M|e(M) < oo}. 

Here e(M) := | lim^oo a 2 ^[/ °° e~ at M?dt] is the " energy" of M. The elements of M are 
called martingale additive functional's (MAF) of finite energy. By [38, Theorem 2.10] Ai is a 
real Hilbert space with inner product e. 
Define for k G E, 



f dudv 
£kM '■= J dkdk^ 



u, v G TC X 



oo 



k E E is called /^-admissible if .FC^ ) is closable on L 2 (E; fx). 
We consider the following conditions: 

(A4) There exists constants c, C\ > such that c/<i# < < C\Idn for all z £ E. There 
exists a countable dense subset {e^} of E', which is an orthonormal basis of H, consisting of 
//-admissible elements in E, and «&(•) :—e> (e/c, -)e G J 7 . 

(A4') There exists a countable dense subset {e^} of which is an orthonormal basis 
of H, consisting of //-admissible elements in E, and «&(•) =e> {&ki ')e G -T 7 - Furthermore, 
A{z)ek = Afe(^)efc for some non- negative Borel measurable functions A^. 

Remark 4.1 Condition (A4) can be replaced by condition (A4') and all results below can 
be proved by the same argument. For simplicity, we will only give the proof under condition 
(A4). 

By the existence of {e^}, (Al) follows from [25, Proposition 3.8]. Set 

FC?({e k }) := {/Mei, -) E , (e m , -) B )|m G N, / G Q°°(l m )}. 



(A5) The process X associated with £ above is a continuous conservative Hunt process in the 
state space EU{d}, aG a is sub-Markovian and strongly continuous on V, and 8 is quasi-regular. 
Furthermore, J-"C£°({efc}) C T and for u G J 7 , there exists a sequence {«„} C J r C^ >0 ({efc}) such 
that £{u n — u) — » 0, n — )■ oo. 

If £ satisfies (A2) and (A4), we obtain 

S(u,v) := J (A(z)Vu(z),Vv(z)) H dfM(z) + J (A(z)b(z),Vu(z)) H v(z)dn(z),u G F,v G 6F. 

Again we set D A i/ 2 u := A 1 / 2 Vu. 

For an initial distribution \l G V(E) ( where V(E) denotes all the probabilities on E, ) we 
will prove that the Fukushima reprensentation property mentioned in [31] holds for X, i.e. there 
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is an algebra K(E) C Bb(E) which generates the Borel cx-algebra B(E) and is invariant under 
U a for a > 0, and there are countable continuous martingales M l ,i £ N, over J- 7 *, J 7 ^, P M ) 
such that for any potential u = U a f where a > and / £ K(E), the martingale part 
of the semimartingale u(X t ) — u(X ) has a martingale representation in terms of M ! , that is, 
there are predictable processes F iy i £ N on J 7 ^, J 7 ^) such that 



mI u] = J2 F s dM * p>1 - °- e - 

3=1 J ° 

By [37, Theorem 4.5], if G a is sub-Markovian and strongly continuous on V, Fukushima's 
decomposition holds for u £ T . In this case we set M k := M^ Uk \ with «&(•) ■— (e^, •}#. These 
martingales are called coordinate martingales. 

Let us first calculate the energy measure related to {M^),u £ J 7 ^ 00 . By [38, formula (23)], 
for g £ L 2 (E, fi) b , we have 

J G^gd^MM) = jirn a(U^l ]} l,G 7 g) 

POO 

= lim lim £a „ , (ae-^ +a)t (M [u] ) t ) + lim E* „ „( / (M [u] ) t a( 7 + a)e" (7+a)i ^) 
= lim lima(/ii M [ a iue"' 7+a '' / P s G^gds) 

a— >oo t— s-oo x ' Jo 

POO 

+ lim a( 7 + a)( / e-^% 7 ^((u(X t ) - u(X ) - N\ u] f)dt) 

/*OC 

= lim a( 7 + a)( / e~^E d {{u{X t ) - u{X Q )f)dt) 

a— too 7a ^ 

= lim 2a(u — aG a u, uG^g) — a(u 2 , G 7 g — aG a G^g) 
=2(—Lu, uG 7 g) — (—Lu 2 , G y g) = 28 (u, uG 7 g) — 8(u 2 , G 7 g) 

=28 A {u, uG 7 g) - 8 A (u 2 , G 7 g) + 2 J (Ab, Vu) H uG 7 gfi(dx) - J (Ab, W(u 2 )) H G 7 gfx(dx) 
=28 A (u, uG 7 g) - 8 A {u 2 , G^g) 

=2 J(AVu,V(uG,g)) H dfi- J (AV(u 2 ),V(G,g)) H dfi 
=2 J {AVu,Vu) H G 7 gdfi. 

Then by [38, Theorem 2.5], we have 

/i (MM) = 2(AVw, Vu) H ■ d/i. 
By [38, Proposition 2.19], for u £ FC^ and u = /(^'(ei, -)e, ■■-,e i ( e m, -)e), we have 



« pt 

mI u] = j2 / (vu(x s ), ei ) H dMi. 

i=l J ° 
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Then by the same arguments as in [17, Theorem 3.1], we have that under P x for quasi every 
point x ( where the exceptional set depends on u, v) , and every 11,1)6 7, 

oo „ t 

Ml u] = Y, / (Vu{X.),ei) H dMi. (4.1) 
i=i J o 

Here fa (V«(X S ), ei) H dM l s = lim^oo ^"=i Jo (VwpQ, ei) H dM l s in (.M, e) and we have 

( M M M M) t = 2 / (A(X s )Vu(X s ),Vv(X s )) H ds. (4.2) 

In particular, 

(M\M j ) t = 2 [ aij (X s )ds, (4.3) 

where ciij(z) := (A(z)ej, e.,)#. 

Lemma 4.2 Assume (A4)(A5) hold. For u G J 7 and V* is a continuous adapted process, with 
\V t \ < M,Wt,u, we have for q.e. x G E, 



rt 00 rt 

/ V s dMM = J2 V s (Vu{X s ),ei) H dMi P x - a.s.. (4.4) 
Jo i=1 Jo 



If (A4'), (A5) hold, then for some tp G Vu, we have 

00 rt 



/ V s dM^ = J2 V s ^(X s ), ei ) H dM l s P x -a.s.. 
Jo i=l Jo 

Proof By [38, Remark 2.2], for v G S 00 and 5" := £^ =1 Jq V s {Vu(X s ), ei) H dM l s we have 

n+m pi 



C) 2 



E»(B n+m -B n ) 2 =E»(J2 / V s (V«pQ, ei ) H dM: 

i=n+l ^ 
n+m „i 

=E V { / V^a ij {X s ){Vu{X s ),e i ) H {Vu{X s ),e j ) H ds) 

i,j=n+l ^ 

n+m „f 

<^M 2 E^ / (VM(X a ), ei )^ds) 

i=n+l ^ 



n+m „ t 

<C 1 MV|C/ 1 r/|ocSup-^(y; / (Vw(X s ), ei )|d S ) 

n+m „ 

=C!MV I fAz/ (oo / (VM(^),ei)^(^) -> 0, as 



i=n+l 
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Then we define Jo ^s(Vm(X s ), e^udM] := lim^oo £> n in (JA, e). Furthermore, we have 

pt n pt 

E v { VsdM^-Y, V s (Vu(X s ),e l ) H dMi) 2 
Jo i=1 Jo 

/t 00 
^ 7X-(X.)<V«(X S ), e^VupQ, e 3 ) H ds 
- i,j=n+l 

1 pt °° 

^MWIMooSuPt^ / 5" (Vu(X 8 ) )ei )|ds 
4 * ^ i^ti 



— >■ 0, as n — ?• 00. 

•^0 i=n+l 



So, we have 



pt 00 /-t 

/ V s dMM = J2 V s {Vu{X s ),ei) H dMi P v - a.s.. 
Jo i=1 Jo 

Then by [38, Theorem 2.5], the assertions follow. □ 

Moreover, by a modification of the proof of [31, Theorem 3.1] , we have the martingale 
representation theorem for X which is similar to [4]. 

Theorem 4.3 Assume that (A4) or (A4') and (A5) hold. There exists some exceptional 
set N such that the following representation result holds: For every bounded .Foe-measurable 
random variable £, there exists predictable processes : [0, 00) x Q — >■ H , such that for each 
probability measure u, supported by E \ Af, one has 

00 /»00 

e = E v {t\T G ) + Yl / e i)HdMi P v - a.e., 
i=o Jo 

where M % = with :=e' (e*, * G N are the coordinate martingales, and 

poo 1 

Jo ^ 

If another predictable process 0' satisfies the same relations under a certain measure then 
one has A 1/2 (X t )(f)' t = A l / 2 (X t )<p u dt x dP v - a.e. 

Proof Suppose that M is some fixed exceptional set. By K we denote the class of bounded 
random variables for which the statement holds outside this set. We claim if (£ n ) C /C is a 
uniformly bounded increasing sequence and £ = lim^oo £„, then £ 6 K. Indeed, we have 
E x \£ n — £| 2 - y 0. Let 0" denote the process which represents £„,. Then 

/*oo i /*oo 1 

W \€ - €\ 2 H ds < -E* (A(X s )(r s -€)nds<-E^ p -^ n \ 2 . 
Jo c Jo 2c 

Now we want to pass to the limit with n pointwise, so that the limit will become predictable. 
For each / = 0, 1, ... set 

m{x) := inf{n|^(£ - £ ra ) 2 < ^7}, Ci ■= Cm{x )- 
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Then one has = £n ; (z) on the set {X = x}, and E x (^ — ^i) 2 < ^ for any x G N c . The process 
which represents ^ is simply obtained by the formula (f) 1 = (f) ni( - x °\ Then define <p s = lim^oo ft 
in H. By the same argument as in Lemma 4.1, we have 

OO />00 ^ /*oo 

^'E / <^ - & ^dM*) 2 = hm J5*(£; / (0 S - ft, ei ) H dMi) 2 

^ poo 

= lim ^(V / ay(Xj(0 s -ft,ei)#(0 s -ft,e y )ifcis) 

k— ¥00 ' ' Ir. 

Lj=l J U 



J = 

OO 



<C 1 E X / l^-ft^cZs^O. 

JO 

Therefore, we have £ G /C. 

Let K(E) C Bb(E) be a countable set which is closed under multiplication, generates the 
Borel cr-algebra B(E) and U a (K(E)) C if (-E) for a G Q + . Such if (£) can be constructed as 
follows. We choose a countable set N C bB(E) which generates the Borel cr-algebra B(E). 
Since E as a separable Banach space is strongly Lindelof, such a set No can easily be constructed 
(see [25, Section 3.3]). For I > 1 we define N + i = {gi ■ ... ■ gk, U a g\ • g<i ■ ... ■ gk,gi G iVj, k G 
N U {0}, a G Q + } and K{E) : = UJ^iV, (c.f. [20 , Lemma 7.1.1]). 

Let C be all f = & • ■ • £ n for some n G N, ^ = J °° e~ Q ^ fj{X t )dt, where a,- G Q + , 
/j G K(E),j = l,...,n. Following the proof of [31, Lemma 2.2], we see that the universal 
completion of the cr-algebra generated by Co is J 7 ^ . By the first claim, a monotone class 
argument reduces the proof to the representation of a random variable in Co- 

Let £ G Co- Following the same arguments as in the proof of [31, Theorem 3.1] , we 
have N t = E x (!;\J r t ) = ^Yum^T where the sum is finite , and for each m, Z m = Z t has 
the following form Z t = V t u(X t ) (the superscript m will be dropped if no confusion may 
arise), where V t = llti Iq ^ iS gi(X s )ds and u(x) = U h+ - +h (h l {U^ + - + ^h 2 ...{U h h k )...) for 
A G Q + ,gi,hi G K(E). Obviously, u G K(E). Hence, by Fukushima's decomposition and 
Fukushima's representation property we have 

u(X t ) - u(X ) = Ml u] + 4 U] = V / (Vu(X s ), ej) H dMi + A [ ? ] P x ~ a.s.. (4.5) 

Then by the same arguments as in the proof of [31, Theorem 3.1] and Lemma 4.2, we have 

Z t = Z + [ u(X s )dV s + / V s dA { s ] + / V s dMf 
Jo Jo Jo 

ft ft 00 ft 

= Z + u(X s )dV s + / V.dAM + Y, / V s (Vu(X s ), ei ) H dMl 
Jo Jo i=1 Jo 

oo „ t 

Nt = J2 V s (Vu(X s ),e l ) H dMl P x -a.s.. 
i=i Jo 

We define (f> s = V s Vu(X s ). As (4.4) and (4.5) hold for every x outside of an exceptional set of 
null capacity, the exceptional set M in the statement will be the union of all these exceptional 
sets corresponding to u G K(E) and the exceptional sets related to V in Lemma 4.2. □ 
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If in the preceding theorem, £ is nonnegative, we drop the boundedness assumption. 

Corollary 4.4 Assume that (A4) or (A4') and (A5) hold. Let M be the set obtained 
in Theorem 4.3. For any J r 00 -measurable nonnegative random variable £ > there exists a 
predictable process : [0, oo) x Q — > H such that 



OO /»00 

e = ^(ei^o) + v / (0„ e,MM* p 

i=o ■ /o 



x a.e., 



where M 1 , i G N, are as in Theorem 4.3, and 

poo 

E v \ (A(X s )(f) s , <j> a ) H ds < -E u £ 2 
Jo * 

for each point x G M c such that E x £ < oo. 

If another predictable process <fr' satisfies the same relations under a certain measure P x , 
then one has A 1/2 (X t )(j)' t = A^ 2 (X t )<jH, dt x dP x - a.e. 

4.2 Representation under P [L 

As usual we set f Q ip s .dM s = YliLo loi^s, ei) H dM l s . 

Lemma 4.5 Assume that (A1)-(A3), (A5) and (A4) or (A4') hold. If u G V(L), ip G Vu , 
then t f 

u(X t ) - u(X ) = [ i/;{X s ).dM s + [ Lu(X s )ds P^-a.s.. 
Jo Jo 

Proof Corollary 4.4 and (4.1) imply the assertion. □ 

The aim of the rest of this section is to extend this representation to time dependent 
functions u(t, x). 

Lemma 4.6 Assume that (A1)-(A3), (A5) and (A4) or (A4') hold. Let u : [0,T] x E ->■ K 
be such that 

(i) Vs,m s G T>(L) and s — » Lu s is continuous in L 2 . 

WueC^nL 2 ). 

Then clearly u G Ct, and, moreover, for any ip G Vm and any s, t > such that s + £ < T, 
the following relation holds P M -a.s. 

u(s + t, X t ) - u(s, X ) = / ip s+r (X r ).dM r + (d s + L)u s+r (X r )dr. 

Jo Jo 

Proof We prove the above relation with s = 0, the general case being similar. Let = 
to < ti < ... < t p = t be a partition of the interval [0, t] and write u(t,X t ) — u(0,X ) = 
ES=o( u (*»+ii X tn+1 ) — u(t n , X tn )). Then, on account of the preceding lemma, 

u(t n+1 , X tn+1 ) - u(t n , X tn ) =u(t n+1 ,X tn+1 ) - u(t n+1 , X tn ) + u(t n+1 ,X tn ) - u(t n , X tn ) 

rtn+l ftn+1 ptn+l 

= Vu tn+1 (X s ).dM s + Lu tn+1 (X s )ds+ d s u s (X tn )ds, 

J t n J t n J tn 
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where the last integral is obtained by using the Leibnitz-Newton formula for the L 2 -valued 
function s — » u s . Further we estimate the L 2 -norm of the differences between each term in the 
last expression and the similar terms corresponding to the formula we have to prove. Now we 
use \iP t < /x, i.e. J Ptfdjj, < f fd\i for / 6 B + since aG a is sub-Markovian, to obtain 



E»{1 Vu tn+1 (X s ).dM s - Vu s {X s ).dM s f 

J t n J t n 

--E» / (A(X s )(Vu tn+1 (X s ) - Vu s (X s )),Vu tn+1 (X s ) - Vu s (X s )) H ds < / S A (u tn+1 - u s )d 

J tn. J tn 



Since s — > Lu s is continuous in L 2 , it follows that s — > u s is continuous w.r.t. ^-norm. Hence 
the integrand of the last integral is uniformly small, provided the partition is fine enough. 
From this we deduce that Y7r^o Ji*™ +1 ^ u t„+i(X s ).dM s — > J^Vu r+s {X r ).dM r , as the mesh of 
the partitions tends to zero. By Minkowski's inequality, we obtain 



1 ftn+l 

(E»(J2 / (Lu tn+1 - Lu s )(X s )ds) 

r,—n Jin 



n=0 " '» 

<J2 r + \E^Lu tn+1 - Lu s f{X s )fl 2 ds < £ \\Lu tn+1 -Lu s \\ 2 ds, 

n=0 ^ tn n=0 ^ tn 

where the integrand again is a uniformly small quantity. 
And finally 

(E»(Y, f n+ \d s u s {X tn )-d s u s {X s ))dsffl 2 < f n+1 (E»{d s u s (X tn ) -d s u s {X s )f) l l 2 ds 

n=0 ^ tn n=0 ^ tn 

= E I** 1 (E"(d.u.(X u ) 2 + P^ tn {d s u s ) 2 {X tn ) - 2d s u s {X tn ){P s _ tn d s u){X tn ))f /2 ds 

n=0 ^ tn 

= (E»((d s u s (X tn ) - {P s . tn d s u s ){X tn )) 2 + (P s . tn (d s u s ) 2 (X tn ) - {{P s . tn d s u s ){X tn )) 2 ))fl 

n=0 ^ tn 

P~ l rtn+i r 

<J2( / ( d * u * - Ps-t n d s u s ) 2 + P s -t n (d s u s ) 2 - (P s ^ tn d s u s ) 2 d^ 2 ds. 



71=0 tn 

From the hypotheses it follows that this tends also to zero as the mesh of the partitions goes 
to zero. Hence the assertion follows. □ 

Theorem 4.7 Assume that (A1)-(A3), (A5) and (A4) or (A4') hold. Let / G L^^T];!, 2 ) 
and 4> G L 2 (E) and define 

u t :=P T -t4>+ / Ps-tfsds. 



Then for each ip G Vu and for each s G [0, T], the following relation holds P M -a.s. 

u(s + t,X t ) -u(s,X ) = f ij;(s + r,X r ).dM r - f f(s + r,X r )dr. 

Jo Jo 
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Furthermore, if u is a generalized solution of PDE (3.1), the following BSDE holds P M -a.s. 

u{t, X t _ s ) =<P{X T _ S ) + ^ f(r, X r _ s , u{r, X r _ s ) , A^Vu^r, X r _ s ))dr 



T-s 



ip(s + r,X r ).dM r 



t-s 



Proof First assume that <fi and / satisfy the conditions in Proposition 2.5 (ii). Then we have 

that u satisfies the condition in Lemma 4.6 and by Lemma 4.6, the assertion follows. For the 
general case we choose u n associated with (f n , <fi n ) as in Proposition 2.7. Then ||w n — u\\t — > 
as n — > oo. For u n we have 

u n {s + t,X t ) -u n {s,X Q ) = [ Vu n s+r {X r ).dM r - [ f n (s + r,X r )dr. (4.6) 

Jo Jo 



As 



E"\ f (V< +r (X r ) - Vu p s+r (X r )).dM r \ 2 
Jo 

<W (A(X r )(V< +r (X r )-V< +r (X r )),V< +r (X r )-V< +r (X r ))^r < / £ A {u n s+r - u p s+r )dr 
Jo Jo 

letting n — > oo in (4.6), we obtain the assertions. □ 



5 BSDE's and Weak Solutions 

The set M obtained in Theorem 4.3 will be fixed throughout this section. By Theorem 4.3, we 
solve the BSDE under all measures P x , x G A/" c , at the same time. We will treat systems of I 
equations, / G N, associated to Revalued functions / : [0, T] x Q x M. 1 x H l H- W, assumed to 
be predictable. This means that we consider the map (s, u) t— > f(s, ou, ■, •) as a process which is 
predictable with respect to the canonical filtration of our process (Ft)- 

Lemma 5.1 Assume that (A4) or (A4') and (A5) hold. Let £ be an J-^-measurable random 
variable and / : [0, T] x Q i— >■ K. an (^) t > -predictable process. Let D be the set of all points 
x G M c for which the following integrability condition holds 

E x {\i\ + [ T \f(s,u)\ds) 2 <oo. 
Jo 

Then there exists a pair (Y t , Z t ) < t < T of predictable processes Y : [0, T) x Q, \-t M., Z : [0, T) x 
Q I—?- H, such that under all measures P x , x G D, they have the following properties: 

(i) Y is continuous; 

(ii) Z satisfies the integrability condition \A 1 / 2 (X t )Z t \ 2 H dt < oo,P x — a.s.; (iii) the local 
martingale obtained integrating Z against the coordinate martingales, i.e. J * Z s .dM s , is a 
uniformly integrable martingale; 

(iv) Y t = £ + Jf f(s,u)ds - $t Z s .dM s ,P x - a.s.,0 < t < T. If another pair (Yj,Z' t ) of 
predictable processes satisfies the above conditions (i) , (ii) , (iii) , (iv) , under a certain measure P u 
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with the initial distribution v supported by D, then one has Y. = Y.', P v — a.s. and A 1 ^ 2 (X t )Z t = 
A l ' 2 (X t )Z' t ,dtx P v - a.s.. 

Proof The representations of the positive and negative parts of the random variable £ + J Q T f s ds 

give us a predictable process Z such that £ + J Q f s ds = E x °(£ + J Q f s ds) + J Q Z s .dM s . Then 

we obtain the desired process Y by the formula Y t = E x °(^ + J Q T f s ds) + J Q T Z s .dM s — J Q * / s ds. 
□ 

Definition 5.2 Let £ be an R'-valued, J-*T-measurable, random variable and / : [0,T] x il x 
R z x if* h- )■ R z a measurable R'-valued function such that (s,cu) (-)■ f(s,u, ■, •) is a predictable 
process. Let p > 1 and z/ be a probability measure supported by A/" c such that E u \£\ p < oo. We 
say that a pair (F t , Z 4 ) < 4 <t of predictable processes Y : [0, T) x fl R l , Z : [0, T) x il \-^>- H l 
is a solution of the BSDE in L P (P U ) with data (£, /) provided F is continuous under P u and 
it satisfies both the integrability conditions J Q \f(t, •, Y t , A l l 2 (X t )Z t )\dt < oo,P u — a.s., and 
E"{Jq \A x l 2 (X t )Z t \ 2 H dt) p l 2 < oo, and the following equation holds 

Y t = £ + J f(s,u,Y s ,A 1 / 2 (X s )Z s )ds- J Z s .dM s , P u - a.s.,0 < t < T. (5.1) 

Now to prove the existence of solution of BSDE we give the condition on nonlinear term 
/. Let / : [0, T] x il x R' x H l H- M. 1 be a measurable Revalued function such that (s,u) h-> 
f(s,u, •, •) is predictable and it satisfies the following conditions: 

(£11) [Lipschitz condition in z\ There exists a constant C > such that for all t,uj,y,z,z' 
\f(t,u,y,z) - f(t,uj,y,z')\ < C\z - z'\ H . 

(il2) [Monotonicity condition in y] For u, y, y', z arbitrary, there exists a function fi t G -^ 1 ([0, T], R) 

such that (y - y', f(t, u, y, z) - f(t, u, y' , z)) < ji t \y - y'\ 2 , and a t := J* /i s ds. 

(03) [Continuity condition in y] For t, u and z fixed, the map y \-> f(t, u, y, z) is continuous. 

We need the following notation f°(t, oS) := f(t, u, 0, 0), f'(t, u, y) := f(t, u, y, 0)—f(t, u, 0, 0), 
f'' r (t,uj) := sup| y |< r \f'(t,u,y)\. 

Let £ be an Revalued, J-r-measurable, random variable and, for each p > let A p denote 
the set of all points x G Af c such that 

E x [ f'/dt < oo, Vr > 0, (5.2) 
Jo 

and E x (\£\ p + (J Q T \f°(s, u)\ds) p ) < oo. Let A^ denote the set of points x G M c for which (5.2) 
holds and with the property that |£|, |/°| G L°°(P X ). 

The method to prove the following proposition is standard and is a modification of [11], we 
omit it here. 

Proposition 5.3 Assume that (A4) or (A4') and (A5) holds. Under conditions (ill), (H2), (H3) 
there exists a pair (Y t , Z t )o<t<T of predictable processes Y : [0, T) x il h-» R', Z : [0, T) x il i— > 
R' <g> R d that forms a solution of the BSDE (5.1) in L P (P X ) with data (f, /) for each point 
x G Moreover, the following estimate holds with some constant K that depends only on 
c, C, and T, 

E x ( sup |y t |* + ( f \A x l 2 (X t )Z t \ 2 u dt) p l 2 ) < KE x (\i\ p + ( f \f(s, u)\ds) p ), x G A p . 
te[o,T] Jo Jo 
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If x G Aoo, then sup te[0iT] \Y t \ G L°°(P X ). 

If (Y{, Z'A is another solution in L P (P X ) for some point x G A p , then one has Y t = Y{ and 
A 1/2 (X t )Z t = A l l 2 (X t )Z' t , dtxP x - a.s.. 

We shall now look at the connection between the solutions of BSDE's introduced in this 
section and the PDE's studied in Section 3. In order to do this we have to consider BSDE's over 
time intervals like [s, T], with < s < T. Since the present approach is based on the theory 
of time homogeneous Markov processes, we have to discuss solutions over the interval [s, T], 
where the process and the coordinate martingales are indexed by a parameter in the interval 
[0,T-s]. 

Let us give a formal definition for the natural notion of solution over a time interval [s, T]. 
Let £ be an J^^-measurable, M'-valued, random variable and f : [s,T] x Q 
an M'-valued, measurable map such that (f(s + l,cu, ■, -))z e [o,T-s] is predictable with respect to 
(J-/)z e [o ; r_ s ]. Let v be a probability measure supported by M c such that E u \£\ p < oo. We say a 
pair (Y t , Z t ) s < t < T of processes Y : [s, T] x tt R l , Z : [s, T] x -> H l is a solution in L P {P U ) 
of the BSDE over the interval [s,T] with data /), provided they have the property that 
reindexed as (Y s+ i, Z s+ ^ 6 [ 0; t_ s ] these processes are (J-/); e [ 0i T-s]-P r edictable, Y is continuous and 
together they satisfy the integrability conditions J T \f(t, •, Y t , A 1 ^ 2 (X t _ s )Z t ) \dt < oo, P v — a.s., 
and E u (jJ \A 1 / 2 (X t _ s )Z t \ 2 H dt) p l 2 < oo, and the following equation under P v holds 

Yt = i+ / f(r, Y r , A l / 2 {X r - s )Z r )dr - / Z s+l .dM t , s<t<T. (5.3) 

Jt Jt-s 

The next result gives the probabilistic interpretation of Theorem 3.8. Let us assume that 
H l — y M. 1 is the measurable function appearing in the basic equation (3.1). 
Let : E — > M. 1 be measurable and for each p > 1, let A p denote the set of all points 
(s,x) G [0,T) x M c such that 

E x [ f> r (t,X t _ s )dt< oo, Vr>0, 



and 



E x (\4>nX T _ s ) + ( / \f°(t,X t _ s )\dsf) < oo. 

Set D := U p> iA p , A p s := {x G N c , (s,x) G A p }, and A s := U p> iA p s , s G [0,T). By the same 
arguments as in [4, Theorem 5.4], we have the following results. 

Theorem 5.4 Assume that (A4) or (A4') and (A5) holds and that the function / satisfies 
conditions (H1),(H2),(H3). Then there exist nearly Borel measurable functions (u, ■0) , u : D — > 
M. 1 , if) : D — > H l , such that, for each s G [0, T) and each x G A P:S , the pair (u(t, X t - S ), ip(t, X t - s ))s<t<T 
solves BSDE (5.3) in L P (P X ) with data (0(X T _ S ), f(t, X t _ s ,y, z)) over the interval [s,T\. 
In particular, the functions u, ip satisfy the following estimate, for (s, x) G A p , 

E x ( sup \u(t,X t ^ s )\ p +( f ^I^Xt^dtf' 2 ) < KE-mXr^+i f \f{t,X t „ s )\dt) p ). 

t£[s,T] Js Js 

Moreover, if (Al)-(A3) hold and /, <fi satisfy conditions (H4) and (H5), then the complement 
of A 2 . s is //-negligible (i.e. [i{A c 2 s ) = 0) for each s G [0, T), the class of u1a 2 is an element of F l 
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which is a generalized solution of (3.1), ip represents a version of Vw and the following relation 
holds for each (s, x) E D and 1 < % < I, 

u\s, x) = £*(0 4 (X T _ S )) + f E x f(t, X t _ s , u(t, X t _ s ), A^iXt^it, X t _ s ))dt. (5.4) 

J s 

Remark 5.5 As an application we can consider a control problem in the infinite dimensional 
case by directly extending results in [3, Section 7]. By the results in Section 3 and Section 5, 
we directly obtain a mild solution of the Hamilton- Jacobi-Bellman equation. For details see 
[40]. 

6 Examples 

In this section, we give some examples satisfying our assumption (Al)-(A5). 

Example 6.1 (Ornstein-Uhlenbeck semigroup) Given two separable Hilbert spaces H and 
U, consider the stochastic differential equation 

dX{t) = A X X (t)dt + BdW(t), X(0) = xeH, (6.1) 

where Ai : D(Ai) C H — > H is the infinitesimal generator of a strongly continuous semigroup 
e tAl , B : U — > H is a bounded linear operator, and W is a cylindrical Wiener process in U. 
Assume 

(i) \\e tAl || < Me ut for u < 0, M > 0, and all t > 0. 

(ii) For any t > the linear operator Q t , defined as 

Q t x= [ e sAl Ce sA *ixd Sl x e H,t > 0, 
Jo 

where C = BB*, is of trace class. 

(iii) Ce tA *i = e tAl C. 

fi will denote the Gaussian measure in H with mean and covariance operator Q^. Then 
the bilinear form 

S(u,u):=- [ \C 1/2 X7u\ 2 dfi, ueFCZ , 
2 Jh 

is closable. The closure of TC^ with respect to E\ is denoted by F. (S, F) is a generalized 
Dirichlet form in the sense of Remark 2.1 (iii) with (Ei,B(Ei),m) = (H, 13(H), fi), (A, V) = 
(8, F) and A = 0. In particular, it is a symmetric Dirichlet form associated with the O-U 
process given by (6.1) and satisfies conditions (Al)-(A5) (see [13, Chapterll]). 

Example 6.2 Let if be a real separable Hilbert space (with scalar product (•, •) and norm 
denoted by | ■ |) and fi a finite positive measure on H. We denote its Borel cr-algebra by B(H). 
For p G L l + (H,p) we consider the following bilinear form 

£P(u,v) = lf (Vu,Vv)p(z)p(dz),u,v E J 7 ^ 00 , 
2 Jh 
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where L+(H,p) denotes the set of all non-negative elements in L x (H,p). There are many 
examples for p such that £ p is closable. For example if pdp is a "Log-Concave" measure in the 
sense of [2], and more examples can be found in [25]. The closure of TC^ with respect to £\ 
is denoted by F. (S,F) is a generalized Dirichlet form in the sense of Remark 2.1 (iii) with 
(Ei,B(Ei),m) = (H, B(H), p), (A,V) = (£,F) and A = 0. In particular, it is a symmetric 
Dirichlet form and satisfies (A1)-(A5). Assume that: A\ : D(Ai) C H — > H is a linear self- 
adjoint operator on H such that (A\X, x) > 5\x\ 2 Vx G D(Ai) for some 5 > and A7 1 is of 
trace class, p will denote the Gaussian measure in H with mean and covariance operator 

Q := -AT 1 . 
^ 2 1 

We are concerned with the following two cases. 

1. Choose p = j e £ ^2u(y) dy f° r a Borel map U : H — >■ (—00, +00] with J H e~ 2U ^dy G (0, 00). 
Under some regular condition for U, the process associated with £ p is the solution of the 
following SPDE 

dX(t) = (A x X(t) + VU(X(t))dt + dW(t), X(0) = xeH. 

2. p = 1{|x|h<i}- This case has been studied in [2], [32] and it is associated with a reflected 
O-U process ([32]). The Kolomogorov equation associated with £ has been studied in [6] and 
the solution corresponds to the Kolomogorov equation with Neumman boundary condition. 

Example 6.3 Consider Example 6.1 and assume that, in addition we are given a nonlinear 
function F : H — )■ H such that there exists K > 0, \F{x) — F(y)\ji < K\x — y\,x,y G H 
and (F(x) — F(y),x — y) < 0, x, y G H. A\ is an operator which satisfies the condition in 
Example 6.2 and A7 1+s is trace-class for some 5 G (0, |). We are concerned with the stochastic 
differential equation 

dX(t) = (A 1 X(t) + F(X(t))dt + BdW(t), X(0) = xEH. (6.2) 

The Kolomogrov operator associated with (6.2) is given by 

K <p = l -Tr[CD 2 V ] + (x,AlDtp) + (F(x), Dip), up G £ Al (H), 

where £a 1 (H) := linear span {uo^x) = e*^' 3 ^ : h G D(A*)}. Assume the semigroup e tAl is 
analytic. Then by [15, Theorem 11.2.21] there exists a unique invariant measure v for K i.e. 

K Q ipdv = 0, for all ip G £a 1 (H), 

and v is absolutely continuous with respect to p from Example 6.1 and for p = ^ we have that 
peW 1 ' 2 (H, p) and D log p G W 1 ' 2 (H, v\ H) . 

Then by [38, Section 4.2], we know that the bilinear form on L 2 (H; v) associated with Kq is 
a generalized Dirichlet form in the sense of Remark 2.1 (iii) with (Ei, B(Ei),m) = (H, 13(H), v), 
(A,V) = (0,L 2 (H,v)) and A = K . It satisfies conditions (Al)-(A5). There are even more 
general conditions on F and A\ which can be found in [15, Theorem 5.2] such that conditions 
(A1)-(A5) hold. 
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The following example is given in [38, Section 4.2]. 

ii 1/2 

Example 6.4 Assume that E is a separable real Hilbert space with inner product || • || E 
and H C E densely by a Hilbert-Schmidt map. Let B : E — > E be a Borel measurable vector 
field satisfying the following conditions: 
(B.l) h.m\\ z \\ E ^ oa (B(z),z) = -oo. 

(B.2) E '(l, B) E ■ E -»■ R is weakly continuous for all I G E' . 
(B.3) There exist d,C 2 ,de (0,oo), such that < C 1 + C 2 \\z\\ d E . 

Then by [9, Theorem 5.2] there exists a probability measure ji on (E, 13(E)) such that 
B) E £ L 2 (E; fi) for all Z G E' and such that 

/ -A H u + - (Vu, B) E dn = for all u G J 7 ^ 00 , 
J 2 2e' 

where A H is the Gross-Laplacian, i.e., A H u = Yn,j=i a^aiJ^iO 2 )) ■■> l ™{z)){h, Ij)h for u = 
f(li, ...,l m ) £ FC^ . Assume -B(z) = — z + : E H. For the bilinear form associated 

with Lu = \A H u + \ E ,(Vu,B) E ,u G FC^> on L 2 (E,fi) is a generalized Dirichlet form in the 
sense of Remark 2.1 (hi) with (E 1 ,B(E 1 ),m) = (H, 13(H), v), (A,V) = (0,L 2 (H, v)) and A = L. 
It satisfies conditions (Al)-(A5). 



7 Appendix 

Appendix A. Basic Relations for the Linear Equation In this section we assume that 
(A1)-(A3) hold. 

Lemma A.l If u is a bounded generalized solution of equation (2.3), then u + satisfies the 
following relation with < t\ < t 2 < T 



+ l|2 <2 / (f s ,ut)ds+\\ut» 2 



\\ U ti 112 ^ " I Usi "s J" T" Il"t 2 ll2- 

Proof Choose the approximation sequence u" for it as in the existence proof of Proposition 
2.7. Denote its related data as f n , <f) n . 
Suppose that the following holds 

ll«) + ll^<2 [ t2 (f:,W) + )ds + \\(uZ) + \\l (A.l) 



'ti 

where < t\ < t 2 < T. Since ||w n ||2 are uniformly bounded, we have lim^oo J t * 2 (/", (u™) + )ds = 
J t * 2 (fsjuf)ds. By letting n — > oo in equation (A.l) the assertion follows. 

Therefore, the problem is reduced to the case where u belongs to bCx ; in the remainder 
we assume u G bC T . (2.7), written with u + G 6W 1,2 ([0,T]; L 2 ) D L 2 ([0,T]; F) as test functions, 
takes the form 



(u t ,d t (u+))dt+ £ A (u t ,uf)dt+ I (A 1/2 b,D A i/2U t )ufdmdt 



i 



(A.2) 



(f u ut)dt + (u t2 ,ut 2 ) - (ut^ufj. 
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By [5, Theorem 1.19], we obtain f^(u t ,d t (uf))dt = Idl^H! — II^HD- Then 

rt2 rt2 p rt2 

WKWI + 2 / £ A (u t ,ut)dt + 2 / (A 1/2 b,D A i/2U t ) H utdmdt = 2 / (/ t , uf)dt + IK+Hi 
Jh Jti J Jh 

(A3) 

Next we prove for u G bF 

£(u,u + )>0. (A4) 

We have the above relation for u G T>(L). For u G bF, by (A3) we choose a uniformly bounded 
sequence {u n } C such that £^(u n — u) — > 0. And then we have 

| y (A 1/2 b,D A i/2u) H u + dn- J (A 1/2 b, D A i/2U n ) H u^dn\ -> 0. 

Since £ A (u + ) < sup n £ A (u+) < sup n £ A (u n ) < oo, we also have \£ A {u n) {u n ) + ) — 

£ A {u 1 u + )\ — > 0. As a result we have (A. 4) for bounded u £ F. So we have < 

2 J^(/ tl « t + )* + K||i □ 

To extend the class of solutions we are working with, to allow / to belong to L l (dt x dfi), 
we need the following proposition. It is a modified version of the above lemma and proof is 
similar as before. 

Lemma A. 2 Let u G F be bounded and / G L l (dt x dfi), be such that the weak relation 
(2.7) is satisfied with test functions in bCx and some function <fi > 0, <fi G L 2 D L°°. Then u + 
satisfies the following relation for < t\ < t 2 < T 

< 2 A&.u^+Kllll- 



The next proposition is a modification of [4, Proposition 2.9]. It represents a version of the 
maximum principle. 

Proposition A. 3 Let u G F be bounded and / G ^(dt x rf/i), / > 0, be such that the weak 
relation (2.7) is satisfied with test functions in bCx and some function <fi > 0, <fi G L 2 n P°°. 
Then it > and it is represented by the following relation: 

Mt = P r -t0 + J Ps-tfsds. 

Here we use Pt is a Co-semigroup on L l (E\ fi) to make P s -tfs meaningful. 
Proof Let (f n ) n eN be a sequence of bounded functions on [0,T] x P? such that < /" < 
f n+l < /, lirn^oo /" = /. Since / n is bounded, we have / n G L^fO, T]; L 2 ). Next we define 
w" = Pr-t'P + J+ T Ps-tfsds. Then it" G P is the unique generalized solution for the data 
(<f),f n ). Clearly < u n < u n+1 for n G N. Define y := u n - u and /:=/"- /. Then 
/ < and y satisfies the weak relation (2.7) for the data (0,/). Therefore by Lemma A. 2, 
we have for t x G [0,T], < 2 f£(f„y+)ds < 0. We conclude that \\y+\\l = 0. Therefore, 
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u > u n > for n <E N. Set v := lim^oo tt n . And we obtain that lim^oo — v t \\\ = and 
lim^oo | j (/"m" — f s v s )djj,ds\ = 0. By [25, Lemma 2.12] we have 

/ S A {v s )ds< [ hminf£ A «)ds<liminf / £ A K)ds. 
Jt Jt n ^°° n ^°° Jt 

Finally, we get for t G [0, T] 



HI2 + 



2 / S A (v s )ds< lim ||<|| 2 + 21iminf / £ A (u n s )ds 



<hm(2/ (f?,u:)ds+U\\l + 2a / ||<|| 2 ds) = 2 / (/„ v a )ds + ||0|| 2 + 2a / ||vj 2 ds 



T 



Since the right side of this inequality is finite and 1 1— >• i>t is L 2 -continuous, it follows that v E F. 

Now we show that ?; satisfies the weak relation (2.7) for the data (0, /). As (p n (t) : = — 
Vt\\2 is continuous and decreasing to 0, we conclude by Dini's theorem lim^oo sup te r 0T i ||«" — 

Vt\[2 = 0, and therefore lim^oo J Q T — v t \\l = 0. Furthermore, there exists K G M + and a sub- 



< 



sequence (n k ) keN such that | f Q £ A (w™ fc )<is| < K, Wk G A 7 ". In particular, J J l-D^i^w™* l^d/xds 
K,Vk G A. We obtain lim^oo J Q T £ A (w™ fc , </? s )ds = J Q T £ A (v s ,(p s )ds, and 

lim / [ (A 1/2 b,D Al/2 u^ k ) H ^ s dfids = [ [ (A 1/2 b, D A1/2 v s ) H ^ s dfids, 
fc-*»./o J Jo J 

which implies (2.7) for v associated to (</>,/). Clearly u — v satisfies (2.7) with data (0,0) for 

(f G bC T - By Proposition 2.7 we have u — v = 0. Since v t = PT-t4> + L Ps-tfsds, the assertion 

follows. □ 

Corollary A. 4 Let u G F be bounded and / G L 1 (dt x <i/i) be such that the weak relation 
(2.7) is satisfied with test functions in bCr and some function G L 2 nL°°. Assume there exists 
g G bL l (dt x d/^) such that / < g. Then w has the following representation: 

u t = Pr~t<P + J Ps-tfsds. 

Proof Define f n := (/ V (—n)) Aj,n6N. Then (/ n )„ e N is a sequence of bounded functions 
such that f n I f and f n < g then by the same arguments as in Proposition A. 3, the assertion 
follows. □ 
By the above results and Proposition 2.8, we obtain the following lemma by the same 
arguments as the proof in [4, Lemma 2.12]. 

Lemma A. 5 If /, g G L 1 ([0,T];L 2 ) and <fi G L 2 , then the following relations hold /i-a.e.: 

J Ps-tUsPr-s&ds < X -Pt-^ + Ps-t{fsP r -sfr)drds. (A5) 
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